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We discuss the Baron-Jauch definition of entropy and show that it is the unique answer to an 
entropy which has the properties of extensivity, positivity and continuity in a weak sense. As an 
application we also show how one easily can derive the canonical distribution from this definition 
of entropy using information theoretical arguments. 

Introduction 

Recently Baron and Jauch 1 discussed the connec-
tion between Boltzmann's statistical definition of 
entropy and the similar concept used in informa-
tion theory. One of their conclusions was stated in 
the following form: "The similarity of the formal 
expressions in the two cases has misled many 
authors to identify entropy of information (as 
measured by the formula of Shannon) with negative 
physical entropy. The origin of the confusion is 
traced to a seemingly paradoxical thought experi-
ment of Szilard, which we analyze herein. The result 
is that this experiment cannot be considered as a 
justification for such identification and that there 
is no paradox" . 1 Thus we see that the Baron's and 
Jauch's thesis is in sharp contradiction to Brillouins 
view according to which the two entropy concepts 
should be identified 2. We shall however not dwell on 
this important question but instead investigate the 
problem of uniqueness. This is a question which was 
put forward and answered in the beginning of in-
formation theory in the case of discrete information 
sources 3 . Baron and Jauch were able to find a suf-
ficiently precise mathematical definition of entropy 
which is general enough to include a lot of inter-
esting applications 3 _ ; > . The question of uniqueness 
was, however, not raised by them. We prove that 
extensivity, positivity and a weak form of continuity 
gives a unique entropy which is precisely of the 
form that Baron and Jauch proposed. 

Definitions 

The basic idea of Baron and Jauch is that we have 
associated two different probability measures with 
some physical system under consideration. One 
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measure v is given to characterize an apriori proba-
bility distribution on the possible states of the 
system, describing the situation before any observa-
tion is made. The other measure u is associated 
with the information which is gained by the ob-
server. To be more specific we have two probability 
spaces (X, S, v) and X, S /u) where we for simplicity 
assume that the underlying spaces ( X ) and o-alge-
bras (5 ) are the same. This is not necessary but it 
simplifies the notation to some extent. By definition 
we then have: 
ju,v^O ;l=ju(X) =fdja =/dv = v{X). (1) 

X X 

The ju- and v-measures are not assumed to be inde-
pendent. In fact it seems reasonable to assume that 
/ / < r i . e . fJL is absolutely continuous with respect 
to v In the appendix we give a very simple exam-
ple of this. The precise meaning of this is the fol-
lowing : 
ju < v <s=> 0 = v (Q) => Ü ju 

measurable and /<(£?) = 0 V.Q e 5 . 

We then have the following important theorem from 
integration theory: 
The radon-nikodym theorem: Suppose that u and 
v are positive and bounded measures such that 
,u<.v. Then there exists a unique function / &Ll(v) 
such that: 

ju(Q) = ffdv V.Q eS. 
o 

Remark: / is the so called radon-nikodym derivative 
and is sometimes denoted by the symbol d/</dv (sec 
Reference 6 ) . 

We notice the following wellknown fact: 
Lemma I: Suppose that (X, S, ju) and (X,S,v) are 
probability spaces and < v. Then the subset Q 
defined by 

Q= ^ ( x ) ^ o j 

has u- and v-measure zero. 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



1240 Bo-Sture Skagerstam • On the Mathematical Definition of Entropy 

Proof: We can realize this in the following way: 

d [i 1 = / d « = / dv = 1 d) 
x x J d)' dr 

dv <: /u{Q')g: 1 

Moreover since 

fi{Q) =/( dM/dv)dv 

we see at once that v { 0 ) = 0 (e.g. use theorem 1.39 
in Reference 6 ) . 

If we now have a sequence of probability spaces: 

{(X,S,juk),(X, S,vk)}nk=1 

Ave know ' first of all that there exists a unique 
ti n 

measure ® f ' k (or ®*'/••) suchthat: 
k = 1 k = l 

k = 1 
Juk(A1 ®...®An) =<Lh(A1)...JLin(An) (2) 

and if /uk < vk where kE ( l . . . n} the Radon-Niko-
dvm theorem can be extented in such a way that 

3 ! / i A; = 1 k = 1 Z=1 
AA - / / i . . . » d ® > 

® Al 
1 = 1 

k = 1 

(3) 

,here fi...n = 
d ( ® f'k 

,k= 1 
, - n / f c 

i = i / 

(4) 

and 

V k 6 {1 ... n] ; ; /A . (0) = .[ fk dvA. V _Q e S . (5) 
a 

Here we have used the fact we have a-finite measure 
spaces in the sense of 6. 

To simplify the notation we introduce the follow-
ing subsets of L1 (rA.) Avhere k e { l . . . n } 

= {feLl(vk)\(X,S,^k), (X,S,vk) 

prob, spaces; fxk<vk and juk(Q) = / / d v f t } . 
Q 

We need also a definition of "disjoint" systems: 
Definition I: Consider n physical systems (or infor-
mation sources) such that we can associate to every 
system a pair of measures exactly in the same way 
as described above. That is we have a sequence of 
measures 

We say that the n systems are disjoint if the asso-
ciated measure for the whole system can be written 
in the form 

® ,<>k , ® vl 
k=\ 1=1 

(Hi > i,nK , *'k) (/</, )•/) {/Un, I'll) 

Fig 1. No "correlation" between disjoint 
sytems. 

Definition II: The Baron-Jauch entropy function 
J j ( . . . ) is a real-valued function on the measures 
(/lk j vk) where k e { l .. . n} such that 

(i) 0 ; 
(ii) ju(<>-

(iii) U(u1(g)iu2,r1®r2) +Ji (/'.,, v2) 

where we as above assume the same underlying 
(X, 5) -structure. 

(i) is a normalization such that "complete knoAvl-
edge" corresponds to zero entropy (iii) is the most 
crucial property stating that entropy is additive for 
disjoint physical systems (i.e. the entropy is exten-
sive) . 

That such a definition is nonempty Avas shown in 1 

bv considering 

n(M,v)=ff\nfdi (6) 

Avhere / g A t ( j ' ) . Since the measures \>'a}'/ i are 
assumed to be apriori known Ave see with help of the 
generalization of the Radon-Nikodym theorem that 
J~l is essentially a function defined on the classes 

(vk) k e { l . . . n } . Hence Ave can Avrite 

k = 1 
Ji J ® M(rk) jc-R 

= 1 
such that 

(i) yi(f)= 0 if / = 1 ; 
(ii) when fe?J(vk)ke{l . . . n } ; 

(iii) n ( f k h ) = H ( f k ) + K { f i ) (7) 

Avhere k, I G {l ... n} ; ^.eW ()'A) • 

We n o A V also assume that 7 i ( ' ) as a function 

is continuous along rays in L1 (v). Under certain 
conditions on the elements in (v) Ave shall iioav 
show h o A V to give a precise meaning to the ln(*)-
function in (6) and also show that (6) in fact is the 
unique answer to the definition II. 
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Uniqueness 

1241 

By an essentially trivial extension of the notation 
and use of the Lebesgue-Fubinis theorem on product 

First of all we note the following fact: measures 9 we conclude that the following theorem 
Theorem I: Suppose that (X,S,v) is a probability holds: 
space and that / = \+<p is a measurable function Theorem II: Let { ( X , S, vk) }£= x be a sequence 
such that 0 f probability spaces. Suppose 

0<e<f(x)<M = 2 a.e. 
Jk = J- + <Pk 

Then the series 
is defined on L1 ivk) and that 

„It n V'1 0 < £ä < fk < 1 
converges almost everywhere. Moreover we have almost everywhere where ke{l...n}. We then 
that: have that 

_ ! ) m - l 'P 

ln / = ln ( l+ «p ) = 

is an element in L1 (v). 

= J ( — l ) " " 1 
In [ A M . . . / « * * , , ) ] - I 

1+1 n = l n 
m = 1 

f l ( 1 + ? * ) - ! (8) 

Proof: The idea is to use Lebesgue's dominated where (xx, ..., xn)&® X is defined a.e. on ® X 
convergence theorem (theorem 1.34 in Reference 6 ) . 
Consider the following expression 

k = 1 Ä = 1 
and belongs to 

/*(*) = I " 1 <Pn(x) • 

n = l ™ 

But since — 1 < <p < 1 we conclude that 

ln / (x ) =l im fk{x) k^t-oc 
exists a. e. in X and moreover we have that 

I fk (x) | max (| In £ |, In M) 

Lebesgue's dominated convergence theorem then 

k = l LHrk) 

gives us that 

lim fk e L1 (v) 
k-y oc 

and the fact that 

lim / fk dv = f lim fk dv 
k -> oc X X k -*• oc 

which in our case means that 

( - I ) * " 1 
2 k= 1 A; 

dv = \ 2 * 
k= l ft 

With essentially the same arguments we also see 
that 

\n{l+(p) = In/ 
ds 

1 + f 
= 2 ( - f ) « d £ 

oc /" i \ n — 1 
I n / - 2 

« = i rc 

By the continuity of the In (•) -function we also 
conclude that we can define another continuous 
function 

such that 

:H ( / ) = £ > ( In / ) ; I n / e L U " ) • (9) 

Lemma II: The 0-function defined above has the 
following properties 

(i) $ ( 0 ) = 0 
(ii) # ( l n / ) ^ 0 ; feN(v); \nfeLx{v) (10) 

(iii) &{l\nf) =l${\nf) V ; tG/?+ ; feN(v); 
l n / e L 1 ^ ) . 

Proof: The only thing which needs a proof is (iii). 
From the properties of the ^-function we see that 

0 (In / . . . / ) = $ (In / ) + . . . +<Z>(ln / ) 
n-times n-times 

i .e. V n e N we have that 3>(nln/) = n &(\nf). 
Now we take two conjugate integers p, q i. e. such 
that p-q — 1 

$ ( l n / ) =0(p-q\nf) = p0(q\nf) 
=>0[{l/p)]nf] = ( l / p ) 0 ( l n / ) . 
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Hence we conclude that V p/q where p, q G N but 
q =1= 0 we have 

0[ (p/< 7 ) ln/ ] = (p/< 7)0(ln/) . 

But since the rationals are dense in the real numbers 
and the 0-function continuous we have that 

0 ( / l n / ) = / 0 (ln /) V ; g ä + . 

Hence we have constructed a continuous linear func-
tional on the subset 

Q={Unf\feW(v), In / e L 1 (X, S, v), XeR + } 
• c m x , s , v ) . 

But then we can use for example the Hahn-Banach 
theorem 1 0 to extend the functional 0 to the positive 
cone in L1 (X, S, v) i. e. to the subset 

Q+ =Uf\feN(v); / e /? + } c Ll(X,S,v) . 

A duality theorem in the case of ZAspaces (theorem 
6 . 1 6 in 6 ) then gives the unique existence of a func-
tion g in L°°(X, S, v) such that 

0 ( l n / ) = / « 7 l n / d v ( 1 1 ) 
x 

where we assume that ln/G Lx (X, S, v). But since g 
is unique and since by the Baron-Jauch-construction 
g = / on the subspace Q we have that 

0 ( l n / ) = / / l n / d v ( 1 2 ) 
x 

as a functional on the subset Q. 

Conclusion 

Consider the Baron-Jauch definition of entropy 
i .e . areal-valued continuous (in the sense explained 
above) J{-function on a pair of measures satisfying 
absolute continuity /<<*' such that 

(i) 7i(ju,ju) = 0 , 

(ii) T l ( j u , v ) ^ 0 ; if j u < r , 

(iii) H(jui ® [ < 2 ' v i = H ( / u 1 , >'i) 
+ !H(/<2, V2) . 

Now suppose that In / G L1 (X, S, v) then 7i is uni-
que in the sense that !H has the following functional 
structure 

x 

where / G L°° (X, S, v) is the Radon-Nikodym deriva-
tive djii/dv and where k is an arbitrary positive 
constant. Moreover theorems I and II shows that 
this is self-consistent. 

Remarks: It is trivial to see that (13) also has a 
meaning when / = 0 or / = 1 a. e. Moreover we notice 
that we can give a meaning to the duality theorem 
on ß t if we investigate the proof in6 (theorem 
6.16). Finally we see that we can extend theorems 
I and II to the case of an arbitrary upper bound i. e. 

0 <ek<fk<Mk 

where kE ( l . . . n} if we consider the scaled set of 
functions { j k } such that 

fk = fkIWl where !M = sup Mk . 
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Appendix 

The canonical distribution 

We consider a phase space coarse-grained into a 
collection of subsets {Ak} such that 

u Ak = r 
kel 

where I is an index set and jP is the phase space. 
Moreover we assume that we have an apriori given 
measure r such that (see e. g. page 224 in 

v(Ak)=gkVkeI; Igk=l. 
ke I 

Now suppose that {pk} is a probability distribution 
such that it conforms to the given data which in our 
case is the mean energy i. e. 

<£>= I Er Pi iel 

where E-t is a characteristic energy for the subset 
A\. In the mathematical definition of entropy (13) 
Ave then put 

f i { A i ) = p i V i El. 

Moreover Ave assume that if gk = 0 then pk = 0, and 
by this assumption ju < v. It is now straightfonvard 
to show that 

d n 
dv ( Ak) = Pkhk V gk 4= 0 . 

Hence we conclude that 

v ) = / / l n / d r = 2 Pi In pi- T p / l n ^ , r iel iel 



1243 Bo-Sture Skagerstam • On the Mathematical Definition of Entropy 

w h e r e w e e x c l u d e all terms with gt — 0 . T h e first 
p r i n c i p l e o f statistical m e c h a n i c s c a n n o w be stated 
in the f o l l o w i n g f o r m : 

Every p h y s i c a l l y d ist inct m i c r o s c o p i c d i s t r ibut ion 
o f a set o f g i ven part i c les a m o n g the v a r i o u s energy 
levels whi ch satisfies b o t h the c o n d i t i o n that the total 
energy is E + AE ( smal l but finite uncerta inty AE) 
and the r e q u i r e m e n t s o f the e x c l u s i o n pr inc ip l e , if it 
appl ies , is equa l ly l ikely to o c c u r . T h i s means that 
w e shall l o o k f o r the e x t r e m e values f o r the '!H ( • ) • 
f u n c t i o n u n d e r the c o n d i t i o n s that 

2 PrEi=(E), 
iel 

I p i - 1 . 
iel 

U s i n g a s imple var ia t i ona l p r i n c i p l e w e then find 
that 

gkexp{- ß Ek} 

P k I g i e M - ß E i } 
iel 

where ß is a L a g r a n g e mul t ip l i e r wi th an o b v i o u s 
phys i ca l interpretat ion . But this is just the o r d i n a r y 
c a n o n i c a l d i s t r ibut ion f o r m . 

1 J. M. Jauch and J. G. Baron, Helv. Phys. Acta 45- 2 2 0 -
232 [1972]. 

2 L. Brillouin, Science and Information Theory, American 
Institute of Physics, New York 1956. 

3 A. Katz, Principles of Statistical Mechanics, Freeman, 
San Francisco 1967. 
The following uniqueness theorem is wellknown from 
probability theory: 
T h e o re m: Suppose H (pt .. ., pn) is a function defined 

for any integer n and for all values of pt .. ., pn such 
that pk ^ 0 /c e {1 . . . re} and the sum Jf p / c = l . 
If for any re this function is continuous with respect to 
all its arguments and if the following three properties 
hold: 
(i) for any given re the function H(px , . .., pn) takes 

its largest value for p&=l/re A;G{1 . . . re}; 
(ii) H{A o ß ) =H(A) +H{B) where A and B are two, 

different or not, finite schemes. 
(iii) H(pl , . .., pn , 0) =H{pl, . . . , pn) 

then this funktion H has the following functional form: 
n 

H (pi , . . ., pn) = — a V pk In pk 

k= 1 
where a is a positiv constant. For a proof see A. 

Khinchin, Mathematical Foundations of Informations 
Theory, Dover, New York 1957. 

4 E. T. Jaynes, Information Theory and Statistical Mechan-
ics, Brandeis Lectures 1962, Benjamin, New York 1962. 

5 H. Grad, Comm. Pure. App. Math. 14, 323 [1961]. 
8 W. Rudin, Real and Complex Analysis, McGraw-Hill, Lon-

don 1970. 
7 H. Bauer, Wahrscheinlichkeitstheorie und Grundzüge der 

Maßtheorie, § 23, Walter de Gruyter & Co., Berlin 1968. 
8 S. K. Beriberian, Measure and Integration, MacMillan 

& Co., New York 1962. 
9 J. Dieudonne, Treatise on Analysis, Theorem 13.21.19., 

American Institute of Physics, New York 1970. 
10 G. F. Simmons, Introduction to Topology and Modern 

Analysis, Theorem A, page 228, McGraw-Hill, London 
1963. 


